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A. Motivation - ax = b has x = a-1b
a) What does it mean to say the real number a has an inverse?
b) Do all real numbers have inverses?
c) Will all matrices have inverses?

B. Definition: An nxn matrix A is said to be invertible if there is a matrix B so that
AB = BA = I.  B is called the inverse of A and is denoted by A-1.

C. Example: A =
2 3
3 4
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a) Proposition: A = 
a b
c d
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˙  is invertible iff ad - bc ≠ 0 and in this case A -1 =

1
ad - bc
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b) A = 
1 1
2 2
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x y
z w
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D. Theorem: The inverse of an nxn matrix is unique.
Proof: Suppose AB = BA = I and AC = CA = I.  Then CAB = CI or B = C.

E. Theorem: An nxn matrix A is invertible iff the system of equations Ax=b has exactly one
solution for every b.

Proof: Easy part first.  If A is invertible then the equation Ax=b has one solution
x = A-1b for any b.  So now suppose the system of equations has exactly one
solution for every b.  Let ci be the solution to Ax = ei and then let
C = [c1 c2  … cn].  We then have AC = I.  Now I must show CA = I.  To begin
this let xi = CaI for i=1,2, . . . ,n.  Then Axi = ACaI = IaI = aI.  Since AeI = aI, we must
have xI=eI.
So now CA = C[a1  a2  . . . an] = [Ca1  Ca2  . . . Can] = [e1  e2  . . . en] = I.  This
means A is invertible and C is its inverse.

F. Procedure for finding A-1

a) Augment [A | I] b) Compute rref([A | I]) = [I | A-1]

G. Definition: An elementary matrix is one obtained by performing exactly one row operation
to I.

H. Examples:
0 0 1
0 1 0
1 0 0
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1 -2 0
0 1 0
0 0 1

È 

Î 

Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 

3 0 0
0 1 0
0 0 1
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1 0 0
0 1 0
0 0 1
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1 0 0
0 1 0
3 0 1
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I. If E is an elementary matrix and A is any mxn matrix, then EA is the matrix obtained by
performing the elementary row operation to A that was used to form E.

Proof: Look at Ex for each of the three types for E.  EA = [Ea1  Ea2  . . .  Ean]

J. Theorem: Every elementary matrix is invertible and its inverse is the elementary matrix
obtained by performing the "inverse" row operation to I.
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K. Theorem: A and B are row equivalent iff there are elementary matrices E1,E2, . . . ,Ek so
that A = EkEk-1 . . . E3E2E1B.

L. The following statements are equivalent for a square matrix A:
1)* A is invertible
2)* A is row equivalent to I  (rref(A)= I)
3)* A is a product of elementary matrices
4) AB = I for some B
5) CA = I for some C
6) The columns of A are linearly independent
7) The rows of A are linearly independent
8) The columns of A span ¬n.
9) The vectors from the rows of A span ¬n.
10)* The system Ax = b has exactly one solution for any b
11)* Ax  = 0 has only the trial solution x = 0

M. Properties of Matrix Inverses
1) (AB)-1 = B-1A-1 if both A and B are invertible square matrices
2) If A is invertible then (A-1) -1 = A
3) aA( )-1

=
1
a

A-1 if A is invertible and a ≠ 0

4) If A is invertible and n is a positive integer then An( )-1
= A-1( )n  which we write as A-n.

5) If A is an invertible matrix and a≠0 then for any integers m and n we have
a) AmAn = Am+n b) (Am)n = Amn

c) (aA)n = anAn

6) If A is invertible then so is AT and (AT)-1 = (A-1)T

N. Theorem:  If A is an invertible matrix and AB = AC then B = C and CA = BA implies C=B.
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