Section 3.3 Math 211 The Inverse of a Matrix

A.

Motivation - ax =b has x=a"b

a) What does it mean to say the real number a has an inverse?
b) Do all real numbers have inverses?

c) Will all matrices have inverses?

Definition: An nxn matrix A is said to be invertible if there is a matrix B so that
AB =BA =1. Bis called the inverse of A and is denoted by A™.
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Theorem: The inverse of an nxn matrix is unique.

Proof: Suppose AB =BA =1and AC=CA =1. Then CAB=CIor B =_C.

Theorem: An nxn matrix A is invertible iff the system of equations Ax=b has exactly one
solution for every b.

Proof: Easy part first. If A is invertible then the equation Ax=b has one solution
x = Ab for any b. So now suppose the system of equations has exactly one
solution for every b. Let ¢, be the solution to Ax = e, and then let
C=[c,c, ...c]. Wethen have AC =1I. Now | must show CA =1. To begin
this let x, = Ca, for i=1,2, . . . ,n. Then Ax, = ACa, =Ia, = a,. Since Ae, = a,, we must
have x=e,.
Sonow CA=C[a, a, ...a]=[Ca, Ca, ...Ca,]=[e, e, ...e]=1 This
means A is invertible and C is its inverse.

Procedure for finding A

a) Augment [A | 1] b) Compute rref([A 11]) = [I 1 A7)
Definition: An elementary matrix is one obtained by performing exactly one row operation
to L.
Examples:
0 0 1 1 -2 0 300 1 00 1 00
010 0O 1 O 010 010 010
1 00 0 0 1 0 0 1 0 0 1 3 01

If E is an elementary matrix and A is any mxn matrix, then EA is the matrix obtained by
performing the elementary row operation to A that was used to form E.

Proof: Look at Ex for each of the three types for E. EA=[Ea, Ea, ... Ea|]

Theorem: Every elementary matrix is invertible and its inverse is the elementary matrix
obtained by performing the "inverse" row operation to 1.
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K. Theorem: A and B are row equivalent iff there are elementary matrices E, ,E,, . . . ,E, so
that A=E,E, ... E;E,E,B.

L. The following statements are equivalent for a square matrix A:
1)*  Alisinvertible

*  Alisrow equivalentto I (rref(A)= 1)

A is a product of elementary matrices

AB =1 for some B

CA =1 for some C

The columns of A are linearly independent

The rows of A are linearly independent

The columns of A span ".

The vectors from the rows of Aspan "

)* The system Ax = b has exactly one solution for any b

)* Ax =0 has only the trial solution x =0
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M. Properties of Matrix Inverses
1) (AB)" = B'A" if both A and B are invertible square matrices
2) If A is invertible then (A") " = A

3) (aA) "= T ATif Ais invertible and c % 0
o

4) If A is invertible and n is a positive integer then (A”)_1 = (A‘1)n which we write as A™.
5) If A'is an invertible matrix and o0 then for any integers m and n we have
a) AmAn - Am+n b) (Am)n - Amn

O (aA)' = o A"
6) If A is invertible then sois A" and (A")" = (A™)"

N. Theorem: If A'is an invertible matrix and AB = AC then B = C and CA = BA implies C=B.

Assignment: Page 177-179/1,4,6,13,17,19,22,24,26,34,36,38,40,43,44,52
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