Symmetric Top

Initialization

Lagrangian

cf. Thorton& Marion, ClassicaDynamics5th Ed.,Eq11.152
eulerAngles = {@[t], O6[t], ¥[t]};
wx =¢'[t] Sin[6[t]] Sin[¢[t]] +6'[t] Cos[¥[t]];
wy = ¢'[t] Sin[O6[t]] Cos[¥[t]] -6 '[t] Sin[y¥[t]];
wz =¢@'[t] Cos[O[t]] +¥ '[t];

1 1 1

T = — Ixwx’ 2

+—Iywy2+—Iza)z;
2 2

Iy = Ix; (* symmetry =*)
V=MghCos[6[t]]; (* h is distance from fixed tip to center of mass %)

L=T-V;

Euler-Lagrange Equations

eqns = EulerEquations[L, eulerAngles, t];
soll = Solve[eqns, {67 [t], ¢ [t], ¥ [t]}] // Simplify
sin[e[t]] (ghM+ (Ix-Iz) Cos[e[t]] v¥[t]” - Tz of[t] ¥F[t])

{{a™1e) ~ - :

) _ Csc[O[t]] 6°[t] ((2Ix-1Iz) Cos[O[t]] ¢*[t] - Iz yE[t])
e - ,
Ix

yEELe Csc[O[t]] 6%[t] ((3Ix-Iz+ (Ix-1Iz)Cos[20[t]]) o*[t] -2IzCos[O[t]] ¥E[t]) H
21Ix

Numerical Solution Example

inits =
{
6[0] ==0.1, ¢[0] ==0.0, ¥[0] ==0.0,
6'[0] ==0.0, ©'[0] ==0.0, ¥'[0] ==0.5
i

parameters = {Mgh -1, Ix-> 2, Iz - 3};

tStop = 40;
sol = NDSolve[eqns |Jinits /. parameters, {6[t], ¢[t], ¥[t]}, {t, O, tStop}];
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6Ss[t_] =6[t] /. sol[[1]; (* extract solution x)
eS[t_] =¢[t] /. sol[1];
ys[t_] =y[t] /. sol[1l];

Plot[{es[t], ¢S[t], ¥yS[t]}, {t, O, tStop}]
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Rotational Inertia of Cone of Radius R and Height H (and mass M)

= With respect to center of mass
zInertiaCM = — MR?;
10

3 2 3 2
xInertiaCM= — MR+ — MH%;

= With respect to vertex

3
h = Z H; (* cone center of mass is 75% height from vertex (or 25% height from base) )

xInertiaVertex = xInertiaCM + M h? (*» parallel axis theorem =)

3H*’M 3 MR?
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zInertiaVertex = zInertiaCM

3 MR?
10

m Need /, <21

sol2 = Solve[{Ix == xInertiaVertex, Iz == zInertiaVertex}, {R, H}];

sol2[4]
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